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The existence of stars with a large mass of 2 solar masses means that the equation of state is
stiff enough to provide high enough pressure at large central densities. Previous work shows that
such a stiff equation of state is possible if the ground state has nucleons as its constituents. We
find this to be so in a chiral soliton ( skyrmion ) model for a composite nucleon which has bound
state quarks. The strong binding of the quarks in this composite nucleon is plausibly the origin
of the nucleon-nucleon hard core. In this model we find a new state of superdense matter at high
density which is a ’topological’cubic crystal of overlapping composite nucleons that are solitons with
relativistic quark bound states. The quarks are frozen in a filled band of a unique state, which not
an eigenstate of spin or isospin but an eigenstate of spin plus isospin, ~S + ~I = 0.
In this alternative model we find that all neutron stars have no regular ‘free’quark matter. Neutron
stars whose central density crosses a threshold baryon density of approximately, nb ∼ 1/fm3, will
become unstable and go through a decompression (sudden) density discontinuity to conventional
quark matter. Sequentially, this contraction of the core of the star will soften the equation of state
release a large amount of gravitational potential energy which can give rise to a shock wave and
matter ejection. Since the merger of two neutron stars gives a compact state whose mass is larger
than the allowed maximum mass, this will be followed by a jet and a short gamma ray burst while
transiting into a black hole .
I. INTRODUCTION
The object of this work is to reconcile and relate some
recent observations on neutron stars and their merger in
a consistent manner.
i) Till the recent findings of the high mass ( ∼ 2 solar
mass ) neutron stars [1, 2] , neutron stars were expected
to have nuclear matter in the outer regions of lower den-
sity giving into quark matter cores in the interior region
of high density, close to their centres. However, such
stars have a stiff, non relativistic nucleon matter exterior
pushing into a softer relativistic quark interior - an un-
stable situation. In this case a star with a quark core is
stable only if the nuclear matter to quark matter tran-
sition takes place in a small window at low pressure [3].
It is also for this reason that most neutron stars with
conventional quark matter cores and in particular with
meson condensates have smaller maximum masses ( 1.6
solar mass), as has been pointed in the work above. A
recent review [4] also points out that pure conventional
(for example, MIT bag) quark matter stars are very un-
likely to ever have an EOS as high as , Mmax ∼ 2 solar
mass.
It is well known that there are many purely nucleon
based neutron star models that have neutron stars with
maximum mass slightly above 2 solar masses, for exam-
ple, the APR 98 equation of state (EOS) of Akmal, Pand-
haripande and Ravenhall [5]. All such equations of state
have one common characteristic and that is a hard core
that becomes operative at high density. In view of the
foregoing, we investigate the following question; Is matter
in neutron stars be entirely composed of nucleon degrees
of freedom ?
∗ vsoni.physics@gmail.com
There is a plurality of equations of state (EOS) for
purely nuclear matter at high density - APR, Bonn po-
tential, Paris potentials, Reid potential, Skyrme poten-
tials, nuclear mean field theory, Bruckner Hartree-Fock
etc. Similarly, there are many EOSs for quark matter
- the MIT bag model, linear sigma model, NJL model,
PNJL, PQCD models and many variants of these [4–15].
These equations of state have not only numerical un-
certainties but even more fundamental conceptual ones.
None of them are testable at directly at high density.
Besides, all these come with a large set of parameters,
that allows a lot freedom of fitting, but without much
conviction.
We refer the reader to the review of Baym et al [4]
and the references therein, where an attempt is made to
work out a hybrid model that can interpolate between
nuclear EOS at low density (nuclear saturation densities
and above) and quark matter at high density. By appro-
priately including various repulsive interactions between
quarks such hybrid equations of state can be pushed to
accommodate high mass (∼ 2 solar mass) neutron stars.
However, these works do not explicitly use the structure
of nucleons with quark bound states.
ii) We know that the nucleon is a composite object
made of 3 valence quarks. If we could work out a ground
state made up of such nucleons that has a nucleon nu-
cleon hard core, we also know that finally, at some thresh-
old density, it should dissolve into quark matter. A faith-
ful model of the composite nucleon then is obliged to re-
produce these features. We shall use our knowledge of
nucleon structure and a possible new solitonic nucleon
crystal ground state to work some insight into the high
density EOS and the threshold density for the transition
to quark matter.
iii) We have recent data on the remarkable merger of
two neutron stars [16, 17] whose end state is an object
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2of rather large mass, ∼ 2.7 solar mass. Though we do
not know with certainty if this object is a neutron star
or a black hole, we do know that this event does pro-
duce a kilonova and a weak gamma ray burst. Such an
event could be associated with a ’collapse’ to a denser ob-
ject and thus the EOS undergoes a drastic change - that
is, goes soft, engineering an abrupt contraction. This can
release a lot of gravitational energy that could be respon-
sible for the matter ejection that is seen after the merger.
It must be kept in mind that the usually accepted EOS’s
of neutron stars have a hard core repulsion between nu-
cleons as the density goes up. Such a ’collapse’ would
mean that after a threshold density the hard core barrier
between nucleons will dissolve into quark matter.
Our attempt here is to work with an alternative model
for the EOS of dense matter. We use a chiral theory
which can describe quark matter at high density and
also give a very representative model for a nucleon with
quark bound states[3]. This can account for the nucleon
nucleon hard core interactions, without introducing any
additional interactions or parameters, in the high density
interval before nucleons give way to quark matter.
In Section II we review the chirally symmetric mean
field theory of quarks and a chiral multiplet of pions and
fields which can describe both the composite nucleon and
quark matter [3] . Section III, addresses the first order
transition, through a mixed phase, from nuclear matter
to conventional quark matter via the Maxwell construc-
tion between the two phases using the popular APR 98
nuclear equation of state for nuclear matter. This indi-
cates that the phase transition from nuclear matter to
quark matter occurs at densities close to the central den-
sity of ∼ 2 solar mass stars.
However, this analysis assumes point particle nucle-
ons; it does not take account of the structure and the
quark binding inside the nucleon. In section IV, we find
that the strong binding of quarks in the nucleon can
change the nature of the phase transition and move the
the nuclear matter-quark matter transition to apprecia-
bly higher density. In section V we review earlier work
pointing to a possible new ’topological’ crystalline ground
state of composite nucleons for dense matter. Section,
VI and VII are a heuristic attempt at writing down a
solid crystal EOS for composite nucleons. In section VIII
we show how in the passage to increasing density, we
overcome the nucleon-nucleon hard core barrier at some
threshold density and make the transition to a soft EOS
of quark matter, releasing enough gravitational energy to
power a shock wave that can eject matter. We would like
to state at the outset that in proposing this alternative
model we shall bring into this context many earlier works
that are of relevance.
II. THE THEORY
In this work we look at nucleon structure in an effective
chiral symmetric theory for the strong interactions that
is QCD coupled to a chiral sigma model. The theory thus
preserves the symmetries of QCD. In this effective theory
chiral symmetry is spontaneously broken and the degrees
of freedom are constituent quarks which couple to a color
singlet, sigma and pion fields as well as gluons [3, 18].
Furthermore, since we do not have exact solutions for a
theory of the strong interactions, we work in mean field
theory in which in the first approximation we assume
that mean fields associated the gluon fields are absent
and perturbative QCD effects are ignored.
 L = −1
4
GaµvG
aµv|color −
∑
ψ (D + gy(σ + iγ5~τ~pi))ψ
−1
2
(∂µσ)2 − 1
2
(∂µ~pi)2 − 1
2
µ2(σ2 + ~pi2)
−λ
2
4
(σ2 + ~pi2)2 + const (1)
The masses of the scalar (PS) and fermions follow on
the minimization of the potentials above. This minimiza-
tion yields
µ2 = −λ2 < σ >2 (2)
It follows that
m2σ = 2λ
2 < σ >2 (3)
For the vacuum of the theory the constant is adjusted
to yield, < σ >= fpi, < ~pi >= 0.
The nucleon in such a theory is a color singlet quark
soliton in the skyrmion background with three valence
quark bound states [19, 20]. The quark meson couplings
are set by matching the mass of the nucleon to its ex-
perimental value and the meson self coupling is set from
pi-pi scattering, which in turn sets the tree level sigma
particle mass to be of order 800 - 850 MeV. For details
we refer the reader to ref. [3].
This is one of the simplest effective chiral symmetric
theories for the strong interactions at intermediate scale
and we use this consistently to describe, both, the com-
posite nucleon of quark bound states and quark matter.
Later, we attempt to look at a ground state that is a crys-
tal composed of these skyrmion like composite quark soli-
ton nucleons. We find that the strong binding of quarks
in the nucleon could move the transition from the nuclear
to the quark phase to appreciably higher density.
To reiterate we work at the mean field level where the
gluon interactions are subsumed in the color singlet sigma
and pion fields they generate. Since we will be working
with quark matter at high density confinement is not an
issue. We could further add perturbative gluon medi-
ated corrections but they are not expected to make an
appreciable difference.
3III. THE MAXWELL CONSTRUCTION FOR
THE NUCLEAR MATTER TO QUARK MATTER
TRANSITION
In this section we examine the Maxwell construction
for the first order transition from the nuclear phase to
the quark matter phase using some typical equations of
state for the two phases.
To describe the purely nuclear phase we employ the
tried and tested APR 98 [5] equation of state. For quark
matter we use the simple effective chiral symmetric the-
ory which has been used to describe, both, the composite
nucleon of quark bound states and quark matter [3, 18].
Variationally, one of lowest energy ground states at high
baryon density that we find in such chiral models is quark
matter with a neutral pion condensate [21, 22]. The equa-
tion of state for neutron stars for such a state has been
obtained in [3, 18]
A simple way to look at the transition from nucleons
into quark matter is to plot, EB , the energy per baryon,
in the ground state of both, the quark matter and the
nuclear phases, versus 1/nB , where nB is the baryon den-
sity. For the quark matter equation of state see Fig.1 [3]
in which the quark matter EOS is indicated by the solid
curves and the APR [5] nucleon EOS by the dashed line.
The slope of the common tangent between the two phases
then gives the pressure at the phase transition and the
intercept, the common baryon chemical potential.
FIG. 1. The Maxwell construction: Energy per baryon plot-
ted against the reciprocal of the baryon number density for
APR98 equation of state (dashed line) and the 3-flavour pion-
condensed phase (PC) for three different values of mσ (solid
lines). As this figure indicates, the transition pressure moves
up with increasing mσ, and at mσ below ∼750 MeV a com-
mon tangent between these two phases cannot be obtained.
(From Fig. 2 of Soni and Bhattacharya [3] )
As can be seen from Fig.1 [3] , it is the tree level value
of the sigma mass that determines the intersection of the
two phases; the higher the mass the higher the density at
which the transition to quark matter will take place. In
[3] it was found that above, mσ ∼ 850 MeV, stars with
quark matter cores become unstable as their mass goes
up beyond the allowed maximum mass.
From Fig. 1, for the tree level value of the sigma
mass ∼ 850 MeV, the common tangent in the two phases
starts at 1/nB ∼ 1.75 fm3 ( nB ∼ 0.57/fm3) in the nu-
clear phase of APR [A18 + dv +UIX] [5] and ends up at
1/nB ∼ 1.25 fm3 (nB ∼ 0.8/fm3) in the quark matter
phase.
In the density interval between the two phases, there is
a mixed phase at a pressure given by the slope of the com-
mon tangent and at a baryon chemical potential given by
the intercept of the common tangent on the vertical axis.
Going back to the APR phase in in fig 11 of APR [5] we
find that for the APR [A18 + dv +UIX] the central den-
sity of a star of 1.9 solar mass is, nB ∼ 0.7/fm3, which
falls in the middle range of the phase transition. On the
other hand,for APR [A18 +UIX] the central density of a
star of 1.9 solar mass is, nB ∼ 0.57/fm3.
Ideally we would want the central density of the star
to be a little less than the initial density at which the
above phase transition begins in the nuclear phase. We
have found that even with the simple quark matter EOS
these densities are in the same ball park.
In the following, we shall present arguments to show
that the phase transition to quark matter is likely to
occur at higher density.
IV. THE NUCLEON
The above analysis assumes point particle nucleons.
It does not take account of the structure and the quark
binding inside the nucleon This is not captured by the
Maxwell construction. Our attempt is to take this further
by looking at the well accepted quark soliton (skyrmion)
model of the nucleon that is amenable to investigating
quark binding properties. We now go on to show that
this could move the transition from the nuclear to the
quark phase to appreciably higher density.
Following , Kahana, Ripka and Soni[19], we have an
approximate and simple expression for the energy, EB , of
a color singlet nucleon soliton, with three colored bound
state quarks. In accordance with the skyrmion configu-
ration the VEV for the pion and sigma fields are [3, 18]
< σ >= fpiCosθ(r), < ~pi >= rˆfpiSinθ(r) (4)
where, θ(r →∞) = 0, from the finite energy condition
and θ(r → 0) = −pi, for the pion field to be well defined
at the origin and, fpi = 93 Mev is the pion decay constant.
The energy expression for the soliton with quark bound
states is given below.The first term below is the quark
bound state(Dirac) energy eigenvalue in the skyrmion
background. In this background there is a single valence
quark bound eigenstate of spin plus isospin, ~I + ~S = 0,
with a color degenaracy of 3. The second term is the ki-
netic term from the mesonic part. For this calculation we
4make the simplifying assumption, σ2 + ~pi2 = f2pi . In this
case the potential term corresponding to the spontaneous
symmetry breaking is identically zero.
E/(gfpi) = N(
3.12
X
− 0.94) + 2pi(1 + pi2/3).X
g2
(5)
where , g is quark meson (Yukawa) coupling and N, the
number of bound state quarks. In this section we work
with the dimensionless parameter, X = Rgfpi, where R
is the soliton radius. This follows from a simple param-
eterization for radial dependence of, θ(r) = pi(r/R − 1),
in a soluble model [19](see fig. 2). The ’mass’ of a ’free’
quark in this model is given by, mq = gfpi.
Minimizing this with respect to , X
X2 =
3.12g2N
27
(6)
On substitution of this value
Emin/(gfpi) = 2(
√
3.12N.27
g2
)− 0.94N (7)
For the nucleon soliton we must set , N = 3 as all three
quarks sit in the bound state. Also, the total degeneracy
of the single, 0+, bound state is 3 - the number of colors.
The soluble model above is very useful in understanding
the quark bound state structure of the solitonic nucleon.
However, as can be seen from Ref.[19](Section 6 ), com-
pared with the soluble model an exact solution brings
down the the soliton energy by close to 25 percent. The
value of the coupling ,g, that fits the nucleon mass also
goes down proportionately.
In the interests of consistency with the following sec-
tion we shall choose the coupling to be, g ∼ 7.55, as given
in ref[23], which corresponds to the isolated soliton mass,
Msol ∼ 976 Mev.
The above formula allows us to also look at the energy
of the configuration in which two quarks sit in the bound
state and one is moved up to the continuum. Such a state
will give a measure of the energy required to unbind the
nucleon.
We can easily check the possible bound states by eval-
uating the ratio of the energy of bound states with 2 and
3 quarks, which is given by, Emin/(Ngfpi) . If the answer
is less than, 1, we have a bound state, otherwise not.
Emin/(Ngfpi) = 2(
√
27 · 3.12
Ng2
)− 0.94
∼ 0.464 for N = 3
∼ 0.78 for N = 2
∼ 1.49 for N = 1 (8)
This indicates that we have bound states only for N =
2 and 3. Given the value of , g, we can find the energy
required to unbind a quark from such a nucleon. The
energy of a two quark bound state and an unbound quark
is 2.56gfpi ∼ 1797 MeV in comparison to the energy of
a 3 quark bound state nucleon which is , 1.39gfpi ∼ 976
MeV.
We use the results from the parametrization for the
above ’soluble’ model to make some heuristic estimates
below.
i) The difference between the two states above gives
the binding energy of the quark in the nucleon, 1.17gfpi ∼
821 MeV. The quark binding in this model is very high. It
should be noted that this is the origin of a hardcore when
we bring two nucleons together. The greater the binding
of quarks the greater the energy required to liberate them
when we squeeze two nucleons.
ii) In this model the quark bound state eigenvalue (Fig.
2) [19] is described by the figure given below.
FIG. 2. Dependence of the quark energy on the soliton size
X in the quark soliton model
(From Fig. 2 of Kahana, Ripka and Soni [19])
We can see that the quarks will become unbound ( go
to the continuum) when the energy eigenvalue is larger
than the unbound mass of the quark which is given by
mq = gfpi. This happens roughly when, in the dimension-
less units used in Fig. 2, the energy eigenvalue,  ∼ 1.
 ≥ 1, at X = 3.12/1.94 = 1.6. (9)
which translates into R ∼ 0.46fm for, g = 7.55 ( R,
depends inversely on, g )
This is a rough estimate of the effective radius of the
squeezed nucleon at which the bound state quarks are
liberated to the continuum. By assuming that the nucle-
ons are stacked in a cubic lattice and inverting the volume
occupied by a nucleon this translates to a nucleon density
of,
5nB =
1
(2R)3
∼ 1.29fm−3 (10)
This section has shown that the internal structure of
quark binding in the nucleon not only provides the hard
core but changes the nature of the phase transition that
is captured by the Maxwell construction and indicates
that the transition to free quark matter is likely to be
delayed till the quark bound states meet the continiuum.
More evidence of this comes from the next section.
For quark bound states in nucleons we have found
above that the coupling is strong and the binding en-
ergy is rather large ∼ 821 MeV, whereas the energy scale
corresponding to the inverse size of the nucleon ( ∼ 2
fermi) is much smaller, ∼ 100 MeV. This indicates that
even when nucleons overlap the the quarks will not dis-
sociate into a quark plasma and the nucleons get com-
pressed but retain their identity. This is in total contrast
to atomic physics, for example the hydrogen atom, where
the binding energy is much smaller than the energy scale
of corresponding to the inverse size of the atom.
Thus the quark bound states in the nucleon may per-
sist until a much higher density nB ∼ (1 − 1.29)/fm3.
In other words, nucleons can survive above the density
range of the Maxwell phase transition and appreciably
above the central density of the APR 2-solar-mass star.
It is useful to recall that our parametrization here is rudi-
mentary.
V. THE SKYRME SOLITON COMPOSITE
NUCLEON CRYSTAL STATE I
Now we move to completely different perspective on
the EOS. One of the ground states of dense nuclear mat-
ter that has been popular even in nuclear physics, where
the nucleons are assumed structureless, is a neutron crys-
tal [24, 25]. Of course, such a ground state is viable
much beyond saturation density as nucleus matter does
not show any such tendency even for very large nuclei.
Such a crystalline state can be also treated in a single cell
Wigner Sietz approximation with appropriate boundary
conditions.
We shall first review such a calculation that was car-
ried out by Banerjee, Glendenning and Soni [23] with
some interesting findings. This is a relativistic( Dirac)
band structure calculation of a cubic lattice of solitonic
composite nucleons, with quarks bound in a skyrme soli-
ton background. The quark bound state in the skyrme (
’topological’) soliton is an eigenstate of spin plus isospin,
~I + ~S = 0, that we encountered in the last section. The
relevant quark band is the 0+ relativistic positive parity
valence band that emerges and can be tracked as func-
tion of baryon density, which is plotted in their Fig 1 .
In the band the quark wave functions peak at the centres
of the soliton. It is important to note that this state has
a color degeneracy of 3 and is completely occupied and
FIG. 3. Eigenvalues of the valance (0+) and sea (0-) orbitals
of quarks in soliton matter as a function of Wigner-Seitz cell
radius, R. The band of levels that develops as the spacing
decreases is shown by the shaded region. ( From Fig. 1 in
B. Banerjee, N. Glendenning and V. Soni Physics Letters B,
Volume 155, Issue 4,(1985))
thus the 0+ band is full. Below, we highlight issues of
this ground state that were not emphasized in Ref.[23].
There is a large gap between the top of this band and
the next energy states which belong to the positive en-
ergy continuum. Thus quarks are frozen or fermi blocked
and cannot behave as regular quark matter till this band
reaches the the positive energy continuum which happens
at a radius of ∼ 0.5 fermi (or a cell length of 1 fermi).
For a cubic lattice this translates into a baryon density
[23] of , 1/fm3. (We note that this calculation uses a
coupling constant g = 7.55, which yields a soliton mass
M = 976 MeV, and an equilibrium R 1.22 fm.).
It be seen from the figure, the band spreads out above
and below the single bound state we found in the pre-
ceding section. Thus the density at which the top of
the band meets the continuum is slightly lower than the
density at which the single bound state merges with the
continuum. As in last section, this work employs the
same approximate soluble model parametrization of the
sigma and pion fields. An exact solution will yield a lower
value of, g, in turn increasing the value of, R (R ∼ 1/g
), and lowering the density at which band gets to the
continuum.
This is an independent validation of the fact that in
this model the onset of conventional quark matter occurs
at much higher density than indicated by the Maxwell
construction of the earlier section. Till this density at
6which the bands intersect the medium behaves as a color
insulator.
This is a new state of dense matter that is quite dif-
ferent from a regular, ’free’ quark matter state and from
conventional nuclear matter. Such a state is a direct con-
sequence of our composite soliton nucleon structure.
The quarks live in continuum relativistic Bloch states
but due to the filled band and a large band gap they are
blocked out. It should be noted that this work does not
include the interaction between nucleons and also does
not take account of the quantization of the solitons to
yield well defined nucleon / neutron states . However,
this is an independent confirmation of the fact that ac-
tive ( ’free’) quark matter comes into play only well above
the density indicated by the the Maxwell construction in
Sec. III. The last two sections have established the exis-
tence of this new ground state that exists till a threshold
density of approximately, nB ∼ (1)/fm3. The following
two sections are devoted to the listing of the features of
the EOS for the new ground state and a heuristic esti-
mate of the same.
VI. SOLITON - SOLITON INTERACTION AND
QUANTIZATION ENERGY IN A PURE
SKYRMION MODEL
i) Klebanov[26] considers a cubic crystal of pure
skyrmions (without quark bound states). This paper
works out the most favourable spin/isopin configura-
tion, the so called attractive ’tensor’ interaction, between
skyrmions. However, ref [26] works in the chiral limit (
mpi = 0 ), whereas realistically the the tensor interac-
tion is not long range as it is modulated by the factor,
exp(−mpir) /(r3). This will strongly reduce the attractive
tensor interaction at larger, r. He also estimates the en-
ergy of canonical quantization (or isorotational energy)
of the whole crystal to yield states of good isospin and
the third component of isospin.
Figs 1 of [26] calculates the classical energy per baryon
(skyrmion),E1 = Mcl, which includes the ’tensor’ interac-
tion between skyrmions, versus volume per baryon, where
the free skyrmion classical mass (864 MeV in their case)
has been subtracted. This work goes on to include the
energy of canonical quantization in their Fig. 2, which
calculates the sum of classical and isorotational energies,
E2 = Mcl + 1/(8λI) ( λI is the moment of inertia ),
per baryon versus volume per baryon, where the nucleon
mass (938 MeV) has been subtracted. The difference be-
tween the two, E2 − E1, then gives us the contribution
of the isorotational energy of canonical quantization. We
shall use these estimates in the following section.
However, there is a caveat. As can be seen from Fig.2
in [26] the minimum energy per nucleon occurs around
, 1/nB ∼ 4fm3 or nB ∼ 0.25/fm3. Below that density
the crystal is not a stable state. We should therefore
treat this as a variational ground state only above this
density.
ii) The Projection approach There is point of con-
tention here. Many authors have an alternative approach
and project out good spin, isospin states, ~J = ~I = 12 cor-
responding to the nucleon. The soliton is considered to
be a coherent wave packet - a linear super position of all,
~J = ~I = (n + 12 ) states (see Ref[18] ). The maximum
weight comes from the lowest, ~J = ~I states. We may
then make the approximation that the soliton is an equal
linear superposition of the nucleon, N, and ∆ states and
set the soliton energy to be midway between MN and
M∆.
Msoliton = MN +
1
2
(M∆ −MN ) (11)
or
EB = MN = Msoliton − 1
2
(M∆ −MN ) (12)
Unlike the former case of the isorotational energy of
collective quantization, which is additive and raises the
nucleon mass, in this case, the nucleon energy is well
below that of the soliton. This matter is still not a settled
issue. In passing, it should also be pointed out that in
most works on solitons with quark bound states [18, 23]
the attractive ’tensor ’ interaction between solitons has
not been taken into account.
VII. THE SKYRME SOLITON COMPOSITE
NUCLEON CRYSTAL STATE II
Using the learning from the last sections, we shall make
a heuristic attempt to write down the EOS for a cubic
crystal of composite solitons with quark bound states
that we have introduced earlier with some assumptions.
Given all the approximations in the previous sections,
the following should be viewed as a pedagogical exercise.
A more complete version is in progress and will be pre-
sented in a later work.
First we write down the energy, ECS , of an isolated
composite soliton. This follows from chirally symmetric
linear sigma model[3] used to construct the soliton with
quark bound states, where mσ = 850 MeV [3, 18]. The
first term below is the quark bound state eigenvalue en-
ergy (of the soluble model), the second term is the kinetic
term from the mesonic part. In contrast to Sec IV, here
we relax the constraint on fixed the vacuum expectation
value (VEV) for the meson fields; < σ >2 + < pi >2= F 2
is the sum of the square the expectation value of the
sigma and pion fields which can be density dependent
and therefore different to, F 2 = f2pi . We therefore in-
clude the potential or symmetry energy term which is
the last term below.
ECS/(fpi) = 3(
3.12
Y
− 0.94(g)Z) + 2pi(Y )(Z2)(1 + pi2/3)
+pi/3(λ2)(Y 3)(Z2 − 1)2 (13)
7where , Y = Rfpi, Z =
F
fpi
, fpi = 93 Mev is the pion
decay constant and and we take λ2 = 42 corresponding
to a sigma mass of 850 Mev.
We can then calculate, ECS at a given, R, which cor-
responds to a cell length, a = 2R and baryon density,
nB =
1
(2R)3 . We then minimise the energy with respect
to Z(F) . This shows a trend that as the density goes up,
the value of F increases, which indicates that the sponta-
neous breaking of chiral symmetry is enhanced as baryon
density increases.
ECS , is the energy per soliton in the crystal, with-
out any inter soliton interaction or canonical quantiza-
tion which we attempt compute below
i) Realistically, the tensor interaction energy between
the solitons in the chiral limit ( mpi = 0) needs to be mod-
ulated by a factor exp(−mpi)a)/(a3) , where , a, is the
cell length, a = 2R . In the chiral limit the tensor inter-
action From Fig. 1 [26] can be normalised at a cell length
a = 2R = 2.15 fm, which is equivalent to a cell volume
V = (nb)
−1 = 10fm3, and is found to be , ∼ −70 Mev.
When we apply the pion mass correction, exp(−mpia), to
this it comes down to - 15.4 Mev. We use this as the nor-
malisation for the inter soliton tensor interaction which
is modulated by the factor, exp(−mpia)/(a3) as the cell
length decreases. The energy of tensor interaction that
follows is
ET = exp(−mpia)/( a
2.15
)3 · 70Mev (14)
We must mention here that the above tensor interac-
tion is an asymptotic form but we have persisted with it
at separations of , a ∼ 1 fm, where this assumption may
not be valid.
ii) The energy of canonical quantization for our com-
posite soliton is very similar to the skyrme soliton above.
As stated before the difference between the two, ∆EQ =
E2 − E1,[26] gives us the contribution of the energy of
canonical quantization.
Including i) and ii) above, the total energy per baryon
for our case of a crystal of composite solitons with quark
bound states is given by
EB = ECS + ∆EQ + ET (15)
We note again that the crystal state above is a stable
state only well above nuclear density.
A. Remarks
i) First, this is indeed a new state of dense matter
that has not been explored before. Whereas, conven-
tional quark matter is a fermi liquid in the presence of
a stationary wave neutral pion condensate [3, 18], in our
composite nucleon soliton crystal state the quarks live in
a ’topological’ crystal, in a frozen fully occupied , 0+,
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FIG. 4. Energy per baryon, EB , for the APR EOS, and the
quark soliton crystal EOS for, g = 7.55 and g= 8
band up to the threshold baryon density. This is also
very different to conventional nuclear matter.
ii) It is important to note , as can be seen from (Section
6 ) in Ref.[19], that an exact solution brings down the
soliton energy by close to 25 percent.
iii) The inter soliton attractive tensor interaction must
be added. This can be a fairly large negative contribu-
tion has been added as indicated above from the pure
skyrmion.
iv) In our estimate ( see Fig, 4 ) we use the additive
positive contribution of the isorotational energy of collec-
tive quantization. It is a moot question if we should have
used the large negative contribution that follows from the
projection procedure.
v) Next,there is the question of the zero point energy.
In the pure Skyrme soliton in the previous section each
cell carries a skyrme soliton with unit baryon number
which is then localised and will carry zero point energy.
From the band structure in ref [23] we find that actually
the quark wave functions are not localised but are Bloch
functions which occupy a filled band. The baryon num-
ber is carried by the quarks and not localised in a cell.
Also, the pion and sigma fields are like a stationary wave
condensate. Thus, in our model we do not have any zero
point energy.
vi) The APR equation works with point nucleons with
the repulsive ( hard core) interaction carried by, for ex-
ample, the ω meson interaction potential. Our repulsive
( hard core interaction) has different origin - the deep
quark bound states. Once we have finite size composite
nucleons the space between nucleons is squeezed. The
composite nucleons have a size which makes them over-
lap at high density, generating a hard core. Thus we
expect them to have a crystalline ground state. Such a
state is not accessible for the APR nucleons which are
point particles. Point like nucleons would be difficult to
localise due their large zero point energy.
vii) Till now, we have set our VEV’s ( Sec. (III) to(VI))
for our soliton model with quark bound states in accor-
dance with the single skyrmion configuration where the
8VEV for the pion and sigma fields are[3, 23]
< σ >= fpiCosθ(r), < ~pi >= rˆfpiSinθ(r) (16)
where, θ(r) = 0, at the cell boundary, r = R, and
θ(r → 0) = −pi, for the pion field to be well defined at
the origin.
But the constraint at the cell boundary is not required
for the crystal which allows the pion field to be non zero
at the cell boundary between the cells. As the density
is increased the pion field will goes up gradually at the
cell boundary and goes to zero only at the centres of the
solitons, thus doubling the ’wavelength’ of the pion field
at very high density. This will reduce the energy per
baryon, as both the quark bound state eigenvalue and
gradient energy can come down substantially. This exer-
cise was not carried out in ref [23] and will be presented
in a later work.
Interestingly, though, very different from our solitonic
crystal lattice, Pandharipande and Smith[24, 25] do find
a nucleon matter EOS that is a crystalline solid of neu-
trons with a neutral pion condensate. Neutral pion con-
densation is also a feature of our 3 flavour quark matter
ground state[3]. It thus seems that a pion condensate is
a uniform feature of both the quark soliton state and the
final quark matter state at high density.
viii) The Goldberger Trieiman relation which follows
from PCAC introduces a renormalisation factor for nu-
cleons that ups the axial current coupling, gA, from 1
to ∼ 1.36 (see section 6.5 in Baym [25]). The quarks in
our model are similar to nucleons and acquire their mass
from the spontaneous breaking of chiral symmetry which
gives them a large constituent mass. We may thus expect
a corresponding increase in the coupling, g.
ix) We have assumed a simple cubic crystal till now
and a corresponding baryon density, nB ∼ (1/2R)3. A
hexagonal close packed structure is also possible, which
will have higher density for the same , R, compared to the
cubic structure. This can reduce the threshold density at
which the quark matter transition occurs.
Furthermore, as in the previous sections, we have used
the same approximate soluble model parametrization of
the sigma and pion fields. An exact solution will yield
a lower value of the coupling, g, in turn increasing the
value of, R (R ∼ 1/g ), and reducing the density at which
band gets to the continuum.
x) Though, we have not included, (vii). (viii) and (ix),
but used the reduction for the exact solution indicated in
, (ii), above, we find an EOS that is similar to the APR
( see Fig. 4) but somewhat above it. With a slight incre-
ment in , g ∼ 8, as suggested in (viii) we can recover an
EOS that is close to the APR ( see Fig. 4). Recall, that
the EOS for the relativistic crystalline (quark solitonic)
nucleon state is good only well above nuclear density.
Our rough estimates should be viewed as a demon-
stration that at high baryon density an APR like EOS
is possible for a crystal of composite solitons with quark
bound states. As posted earlier we are engaged in an
ongoing work in which we use a full solution for, ECS ,
including all the contributions listed above.
xi) The maximum mass for the neutron star for our
model can then be taken to be similar to that for the APR
EOS. From the APR EOS [5] this the maximum mass at
such central densities is ∼ 2.1−2.3 solar masses. We note
that for the solid nucleon crystal model of Pandharipande
and Smith[24] with a pion condensate the maximum mass
is of the same order.
Once the density hits a threshold, where the quarks are
no longer bound or frozen in the 0+ band, we can transit
into normal or conventional quark matter. As indicated
earlier this happens roughly when nB ∼ 1/fm3. Once
the barrier at this threshold is overcome, we expect that
nuclear matter to make a sudden transition into pion con-
densed quark matter. This is the point when the EOS
becomes soft through a decompression. The sudden in-
crease in density can mimic a collapse generating a shock
wave which ejects matter.
VIII. ENERGY RELEASE IN MERGER OF
NEUTRON STARS
The sudden phase transition from the relativistic crys-
talline ( quark soliton) state to ’free’ quark matter will
result in a contraction or the core. To illustrate this
we calculate the pressure using the APR nuclear mat-
ter EOS from fig.1 in Ref. [18] and the quark matter
EOS from our Fig. 1. We note that the pressure in the
APR EOS we use goes up sharply at high density. If the
sudden phase transition to ’free’ quark matter occurs at
around, nB ∼ 1/fm3, we find that the pressure in the
nuclear phase at this density is , P ∼ 600Mev/fm3. Fig
5 illustrates the transition from APR nuclear matter to
quark matter at this pressure at nB ∼ 0.95/fm3. Other
equations of state are softer as is the crystalline state in
Fig. 4. This would move the APS curve to the right
and reduce the pressure at which this density occurs.The
continuous line tracks the evolution as the system goes
to higher density. Of course, the pressure, P, and energy
per baryon, EB , in the ’free’ quark matter state at this
density are much lower.
Since we need to balance the pressure in both phases it
is pertinent to find the density at which the same pressure
occurs in the ’free’ quark matter’ state. From Fig. 5 ,this
is found to be, nB ∼ 1.5/fm3, and the corresponding,
EB ∼ 1260MeV . Thus, as nuclear matter clears the
threshold barrier set by the soliton crystal, there will be
a sudden contraction followed by a consequent increase
in density from, nB1 ∼ 0.95/fm3 to nB2 ∼ 1.5/fm3,
as the system attains the same pressure. As pointed out
before, if the EOS is softer than the APS the pressure and
threshold density at which the quark matter transition
occurs will come down.
In a high mass neutron star or in the merger of 2 neu-
tron stars such a major change in compressibility, K,
would cause a contraction of the core and bring down the
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FIG. 5. Pressure, P (Mev/fm3), vs nB(1/fm
3), for the APR
EOS, and the pion condensed 3 flavour quark matter. Illus-
tration of the transition that occurs at, nB(0.95/fm
3), in the
nuclear phase
gravitational potential energy. A rough estimate( New-
tonian) of the gravitational energy release is provided by
considering a neutron star of mass M whose potential
energy is, (3/5)GM2/R. Keeping the mass fixed we can
write down the energy difference as we change the den-
sity indicated above( see Fig. 5) from , ρ1 ∼ 1.6 · 1015
gm/cc to ρ2 ∼ 2.53 · 1015 gm/cc , for a uniform density
star, where, R = ( 3M4piρ )
1/3
∆EG = (3/5)(GM
2)[1/(R2)− 1/(R1)] (17)
On substituting the the values of a 2 solar mass star,
M ∼ 4 · 1033 gm and the above density change for the
corresponding radii, we can get a sudden release of gravi-
tational energy of, ∆EG ∼ 0.7 ·1053, ergs which can yield
a matter ejecting shock wave.
IX. DISCUSSION
One significant difference with most of the equations of
state in the literature and this work is that we have com-
posite nucleons where the structure of the nucleon plays
an essential role in the transition from nuclear matter
to quark matter at high density. Working with nucle-
ons that are chiral solitons with relativistic quark bound
states we have presented evidence for plausible new crys-
talline ground state for dense matter, at densities where
nucleons overlap, to show that conventional quark mat-
ter does not occur till such density at which the quark
bound states get compressed and merge with the contin-
uum. In this ground state it is topology and chiral quark
interactions in the nucleon that determine the threshold
transition density. This is in contrast to most other equa-
tions of state. Our motivation in Sec. VII is to make a
rudimentary estimates for the EOS of our composite soli-
tons is to show that it can be potentially similar to the
APR 98 EOS. As we have stated a more convincing cal-
culation of the EOS which includes several improvements
will be presented separately.
These works indicate that strongly bound quarks in the
quark soliton model of the nucleon translate into a ’hard
core’ interaction between nucleons, resulting in an equa-
tion of state that provides even a stronger nucleon nu-
cleon repulsion than the hard core repulsion encountered
in the APR EOS. Such a hard core interaction provides a
potential barrier between the solitonic crystal phase and
the normal quark matter phase. These considerations
modify the simple minded Maxwell construction above.
We would like to emphasize that the composite soli-
tonic crystal state is a a new state of matter that is nei-
ther conventional quark matter nor conventional nuclear
matter. One notable difference is that whereas the con-
ventional quark matter state is a fermi liquid in the pres-
ence of a stationary wave neutral pion condensate, in our
composite nucleon soliton crystal state, the quarks live
in a special, frozen, fully occupied, relativistic, 0+, band
up to the threshold baryon density.
If the maximum mass of the neutron star for a partic-
ular EOS occurs below this density then we can say that
neutron stars exist entirely in the solitonic crystal phase,
and become unstable even before the transition to quark
matter. On the other hand if the maximum mass for a
particular EOS occurs above this threshold central den-
sity we conclude that matter is unstable to transiting to
quark matter even before the maximum mass of the star
in the nucleonic phase. In any case, conventional high
mass quark matter stars (for example, MIT bag) [3, 4]
are unstable and very unlikely to ever have an EOS that
can go up to a, Mmax ∼ 2, solar mass.
For example, a neutron star based on the APR [A18
+ dv +UIX] [5] EOS has a maximum mass, Mmax ∼
2.2Msolar, that occurs at a central density slightly larger
than nb ∼ 1/fm3. We expect the the star can be unstable
and transit into quark matter even below this maximum
mass. For a softer EOS, the maximum mass will come
down, but the transition density to quark matter will
go up and thus the star will most likely again become
unstable even before the maximum mass is reached. .
For a stiffer EOS, corresponding to APR [A18 + UIX],
its maximum mass is slightly higher , Mmax ∼ 2.3Msolar,
than that of APR[A18 + dv +UIX], but at a central
density which is lower than, nB ∼ 1/fm3. Thus the
star becomes unstable before the quark matter transition
takes place. For the unrealistic case of an EOS that is
assumed to be incompressible at a density above 3 times
nuclear saturation density ( see fig. 14 ref.[5]) we can
expect a higher Mmax but not greater than ∼ 2.5Msolar.
Our analysis indicates that all stable neutron stars re-
main in the nucleonic soliton state and that their Mmax
will not exceed ∼ 2.5Msolar. Secondly, when the mass
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of a solitonic star (or coalesced stars) exceeds the max-
imum mass or the central density exceeds the threshold
density, which ever happens earlier, there will be a sud-
den decompression ( or contraction ) transition to an
unstable quark matter state with an abrupt change in
density. The hybrid crossover models [4] do not have
such a density ’discontinuity’ as in these models nuclear
and quark matter can co exist with a smooth journey to
the maximum mass.
After the merger of two neutron stars the contraction
of the core due to the sharp change in the compressibil-
ity of EOS at the threshold density of our model would
result in a different post merger scenario, in contrast to
hybrid crossover models where there is no such effect.
This may be observable. This abrupt change in density
could result in a shock wave and matter ejection. It is
also possible that fast rotating binary mergers support a
metastable, ’hypermassive’, intermediate state. As has
been outlined in some earlier work the passage to high
mass stars is likely to produce magnetars [27] beyond a
certain mass which can carry very high magnetic fields
that can catalyse the formation of jets in this event.
In our model if the mass of the merger of two neutron
stars exceeds Mmax ∼ 2.5Msolar then the final state will
be a black hole. Given that the observed merger resulted
in a final state that was, ∼ 2.7Msolar, either way the
merger will finally transit to a black hole. To conclude,
in the alternative model we have presented, all neutron
stars should have no regular ‘free’quark matter and that
the transition for neutron stars with masses over the max-
imum mass, Mmax, or for central baryon density larger
than, nb ∼ 1/fm3, will become unstable and transit to
‘free’quark matter and then onto black holes .
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